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NOTE ON THE MEAN-AREA OF THE PRISMOID AND SOME 
ASSOCIATED THEOREMS. 


By Pror. W. H. Ecxoxs, Charlottesville, Va. 


1. A prismoid is here defined to be the solid which is cut out between 
two fixed parallel planes by a right line moving according to any law, which 
however finally returns to its initial position. 

The closed curves traced in the fixed planes are called the bases of the 
prismoid. The section of the solid by any plane parallel to the base planes 
is termed a “ cross-section ” or simply a “ section.” 

If a second straight line passes through a fixed point in one of the base 
planes and moves so as to be always parallel to the first straight line, it cuts 
out a cone between the base planes. This cone is called the “ director-cone ” 
of the prismoid. Evidently the geometrical figure of the prismoid is com- 
pletely determined when the bases and director-cone are known. 

2. The “ mean-area ” of the prismoid, is that avea whose product by the 
length of the prismoid (the distance between the planes of the bases) is the 
volume of the solid. In other words, it is the average or mean value of all 
the cross-sections of the solid. 

The most familiar expression giving the mean-area, is that due to Newton, 
the well known so-called “ prismoid-formula,” 


%9=1(B8,4+ B,+4M) (1) 


wherein /, and /, are the areas of the bases and ./ the area of the section 
mid-way between the bases. This is, however, not a prismoid-formula ; since 
it is the expression for the mean-area of all solids whose cross-section areas 
are cubic functions of their lengths, while the prismoid is a solid whose sec- 
tional area is a quadratic function of its length, consequently since (1) is 
applicable to solids of higher order than prismoids, we reject this expression 
as a “ prismoid-formula.” 
The expression for the mean-area 


2=}3(8,+ B)— iA, (2) 
wherein A is the area of the base of the associate cone, is, I believe, due to 


Koppe and seems to be the first prismoid-formula found. This formula in 
connection with (1) easily furnishes the value 


2= M + 13 A, (3) 
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2 ECHOLS. NOTE ON THE MEAN-AREA OF THE PRISMOID 


In this form the mean area has been used by engineers for computing earth- 
work volumes. The writer’s first acquaintance with it thus employed was in 
the lectures to engineering students at the University of Virginia in 1880. 
This is a two-term formula, but it involves an extraneous area, that of the 
director-cone base, which is not a section of the solid. 

In 1881, Dr. Halsted published the formula 


0 =43(B, +38, (4) 
=3(38,+ B,), 


wherein S,, S, are the areas of sections distant $ and 4 the length of the solid 
respectively from the end £2, towards 4, In his Mensuration, p. 130, Ed. 
1890, the author remarks upon this formula as being “ the first and only two- 
term prismoidal formula ever printed.” 

It is the object of the present note to show that there are an unlimited 
number of such two-term formule, involving sections of the prismoid only. 

3. Consider a prismoid, project it orthogonally on a plane parallel to the 
bases. Let the straight line 2,7, be the projection of the straight line which 
generates the curved surface of the prismoid, the points 4, and B, being the 
projections of the points where the straight line intersects the planes of the 
bases. Evidently any plane parallel to the bases cuts this generator in a point 
so that the intercepts between this plane and the bases are in constant ratio, 
as are also their corresponding projections. Let /’ be the projection on the 
line 2,2, of the point in which the generator pierces any such third plane. 
The point / divides the line /, 4, (externally or internally as the case may be) 
in constant ratio, say m/n, so that if 2, B, = /, then B,P= ml/(m + n) = pl 
and PB, = nl/(m + n) = vl, 

As the generating line cuts the prismoid out between the planes of its 
bases, the points 4, and /, trace closed curves equal and parallel to these 
bases in the plane of projection, and the cross-section traced in the plane 
parallel to the bases is equal to the curve traced by 7. Consequently we need 
only consider the figures in the plane of projection. To express the area of 
any cross-section whatever, in terms of the bases is then merely to quote 
Elliott’s extension of Holditch’s theorem, which may be briefly deduced as 
follows :— 

Let the line 4,4, move through the angle d4# to a consecutive position. 
Let 4 be the distance from /, to the contact of the moving line with its en- 
velope. Then, indicating areas by capitals, we have 


dB, —adB, =4(4+ lP dd—4Rd0 
=Aldd0+dA, 










































AND SOME ASSOCIATED THEOREMS. 





writing 7A for 4 ?d#. Also 
dP —aAB, =4(h + wl? dd — 4 Pde 
= pAl dd + wd A. 


Whence, at once by elimination of 4//#, remembering that » + » = 1, 


dP —= vd B, 4 nd B, —_ wil A ‘ 


Integrating for a complete circuit, that is from the initial to the final position 


of the line, we have 
P=vB,4+ pB,— wa, 


wherein /’ is the area of the cross-section dividing the interval between the 
planes of the bases (externally or internally) in the ratio m/n, 2, and B, 


are the areas of the bases and A = f4rdo is the area of the base of the 


director-cone. 

4. It is not necessary in the general treatment that we should consider 
B, and B,to be the extreme sections (or bases) of the prismoid; so let us 
consider 4, and /,, as above, to be merely S, and S,, any selected reference 
sections distant apart /, and proceed to determine the mean area of a prismoid 
whose bases are at distances from 8, equal to ri and y/ respectively, whose 
length will then be (y — «)//, 7 and y being respectively the inferior and 
superior limits of yp. 

We have for the mean-area between these limits 


y 
2= — 1 {Pap 
7 -- e< 


y 


y 
1 : </ a y 9 
— — —_— [S, th (S, —_ S, —- A)y — A) | du 
i] — Se 
f + y | - 23+Y og ( ? ary + y* r y | e 
= (1-294) 42$494(Ptger earls, © 


which is a symmetrical function of the limits. 
Those real values of « and y¥ which satisfy 


w+ay+y— z(e+y)=0, (6) 





























4 ECHOLS. NOTE ON THE MEAN-AREA OF THE PRISMOID 


give two-term prismoidal formule in terms of the cross-sections S, and S,,. 
The cone base A, corresponds to the sections S, and S, having altitude equal 
to the distance between their planes. If this be / and //, the altitude of the 
prismoid whose mean area we have found, then the base of the corresponding 
director-cone is determined by 


A, [h)? 1 


MW) (ya 


Ay 


The above equality is the equation to an ellipse referred to rectangular 
axes of z and y. The center is z = 4, y = 4, and the equation when trans- 
ferred to center and axes turned through 7/4 is 


rf .f _ 
12°32 °° 


The maximum and minimum values of 7 in (6) are at the points (x = 0, 
y — 3/2), (v7 = 1, y = — 1/2), and those of x are the same interchanging x 
and ¥. Therefore, for any value of « whatever between — 1/2 and + 3/2 
inclusive, we have a section S, with a corresponding section ‘S,, furnished by 
the y corresponding to x in (6), such that the mean-area of the prismoid is 
given by the two-termed formula* 


e+ylo , #+ ' 
Putt * : J\S, a ee Se (7) 
L 2 2 : 
Dr. Halsted’s formula is the particular case furnished by putting in the 
extreme values of « or y. Thus if « = — 4 and y = + 1, we have 
O=3S, +48, (8) 


and now NS, is the base /, and S, the cross-section at % the length from S,,. 
The only other case which seems worthy of notice, is that in which S, and S, 
are the cross-sections which are equidistant from the ends of the prismoid. 
Thus if // be the length of a prismoid it is easy to see that if we impose the 
condition that 7 — 1 = «, we derive the mean-area formula 


Y2=}(8, 48), (9) 
wherein S, and SN, are distant from the ends an amount 


J 3— 

23 

Those values of 2 between — $ and 0 (inclusive) furnish all of the two-term formule, wherein 
u S, are actual sections of the prismoid between its bases. 


1 77 — 0.2114 I. 

























































AND SOME ASSOCIATED THEOREMS. 5 


This may be regarded then as the simplest of all the ¢io-term formule. 
A general formula in terms of sections equidistant from the ends may at 


once be written by putting 2 = — 4, y = 1-+ y, whence 
', fleet? , «A 

ee ee es on oo. 10 

£(S, +8) + | sex?) (10) 


Particular cases are 
(¢=1) 2=3(85,+ 8)+4An, (11) 


in which the sections are distant 4 // from the ends. 


(g = 4) 2=$(S, + 8) + as Ay, (12) 
the sections being distant + // from the ends. 
(7 = 3) 29=4(S + 8) — rhe dn, (13) 


the sections being distant } // from the ends. 

Evidently as ¢ becomes smaller the formula converges to Koppe’s old 
form (2). 

In like manner we may write a formula involving the mid-section and one 
base. For, let # = — a, y = + 4; then 


Y= M+% A, 
M+ 7, Ay, 
the old form (3). 

5. Any two-term formula (7) being independent of the director-cone, gives 
the following curious theorem :— 

A straight line moving so as to intersect the boundaries S, and S,, from 
an initial position back to that position, cuts out between the planes of the 
bases of that prismoid a volume which is always the same whatever be the 
manner in which the line moves between its initial and final position. Thus 
all prismoids (7) whose curved surfaces pass through the boundaries of , and 
S, and whose bases are in the planes determined by « and y, have the same 
volume. 

6. As in § 3, consider the line 4,74, From any point in its plane 0 
draw OB, = y,, OB, = 7, OP = p. Then, letting BB, = /, we have, by a 
theorem of elementary geometry 


ae oe ee veel? 
P= + he pe, 


and the above theorems of mean-value hold true with regard to the mean value 
of »*, mutatis mutandis. 
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6 ECHOLS. NOTE ON THE MEAN-AREA OF THE PRISMOID 


7. Again, as the line BP, turns through 0, the points 4,, B,, and P de- 
scribe elementary arcs, (/s,, 7s,, and ¢a, and it may easily be shown that 


(da)? = v(ds,)? + pe(ds,)? — va(da)y , 


wherein 7a is the corresponding elementary are of the boundary of the base 
of the director-cone. The theorems of mean-value apply also to the mean- 
value of (d¢a)’, with the necessary changes of interpretation. 
8. Let us apply the same method to determine the mean ordinate to the 
parabola 
y=a + 2axr+b 


’ 


in any interval / taken on the z-axis. 

Let y, and y, be any ordinates distant apart /. Let y be any ordinate 
which divides the interval / in the ratio #7” so that the abscissa of yis 2, + pl 
or 2, —v/. We have 


y = (a, + wl + 2a(a, + pl) +b 
= y¥, + Qule, + #P + 2anl, 
y = (a, — vl) + 2a(a, — vl) +b 
=: y, — 2vlx, + YP — 2arl. 
Eliminating « between these we get 


yyy, + LY. — wl? . 
="n7+(%—nH—P)et we 


Determining the mean value of y in the interval 2, + p/, x, + ql, or 
L=(p—gq)l, we have 
= —y,—Pynt w#P\d 
Yn p Ss [%, +> (Ys Y yp i ] Oo 
( i 2 2 yf. 
mi t= HET, p+d, _fP+pat? — Pet) a, 


in which the square on the interval Z is the area associated with the parabola 
in the same manner that the base of the associate cone is associated with the 
prismoid. For example, we eliminate Z by giving p and gq, values which 
satisfy 

P+py+P—-FPt+gn=?, 


obtaining the mean ordinate in interval Z, in terms of two ordinates. 














AND SOME ASSOCIATED THEOREMS. 
In (14) put p = + ¢, gy = — ¢, we have 
Ym — 4 | io LP? ’ 


wherein y, is the ordinate at the middle of the interval Z. This remarkable 
little formula I have not seen elsewhere, surely it must be known. From it 
follows a mensuration rule. If the area of a curve be desired throughout an 
interval Z and Z be divided into » irregular intervals /,,..., /, and the ordi- 
nates at the middle of these intervals by ¥,,..., y,, then the area is 
n 
Q= Zyl, + Wy 27; 
1 
which is exact when the curves are parabole throughout the subintervals. If 
the subintervals are equal, 


As an example of theorems which flow from these results we may enun- 
ciate the following :— 

Let AL, CY) be the right-angled diameters of the great circle of a sphere 
with center Y. Draw the tangents at A and 2. With A and P as centers 
and radii AC and 2C draw ares cutting the 








tangents in A’ and B’. Draw A’ and B’'O A A 

cutting the circumference in ( and (,. Let te 
(C,) and (C,) be the circles on the sphere C 

through (, and (, with centers on AB. / 0, 

Then, 





Any right line moving on the circles (() 
and ((,), starting from any given position 
and returning to that position, cuts out a 
solid between the tangent planes at A and 
B whose volume equals that of the sphere, 
whatever may be the manner in which the 
line moves between its initial and terminal 
position. Particular cases are, the cone with vertex (, the cylinder, and the 
hyperboloids of revolution. This theorem is an interesting generalization of 
the famous old Archimedian theorem of the cylinder and the sphere. 

9. One of the most familiar as well as the most useful of the theorems of 
mean value is Newton’s theorem for the cubic (Methodus Differentialis) which 
is given in(1). Let us apply this method to the generalization of this theorem. 


Let 














y=a+ar+be+e (15) 






































































8 ECHOLS. NOTE ON THE MEAN-AREA OF THE PRISMOID 

be any cubic function. Let (2,¥,), (*:4.), (#,y,) be any fixed values. Let 
L,—4,=1,4,—47,=/, Let # and y be current values and let 

a=x7,+ pl =a, + 4, 


= 


3 7 sl, == ts rl, . 


Form four equations by substituting these values for 2 in (15), and elimi- 
nate a and / from them. Whence results : 


(pql? — rst?) y = rpgl? ys + reqly y, — (past? + reply) yr 

— repql, 1? (d, + 2). (16) 

Remembering that p — 4 = 1, r — « = 1, and ¢/, = r/,, (16) becomes 
y = rphys + rsk.y, — psy, — psylls , (17) 
wherein we have written 4, — /,/(/, -+ /,) and /, = /,/(¢, + /,) for brevity. 

Eliminating 7, », and s and writing » = /,//,, we have 
Y=(9+ PPh ys + VF — VD thin — (oF +¢—-1¢—-l)y 
(oP +e —1lP—qb",. 
The mean value of y between the limits 7 = ~ and 7 = 2, is 
a 


Uu— ve 
= 


= (4 S; 4 S, ) phys + (408, oe £S,) oh ay, = (4 es, “ee 1 48, =o 1)y, 


(tpS, +p 14S, — 4S )Ur, (18) 
wherein 
S, = w+ wv + uv? + v'*, 
Sw’ + wy + vv’, 


We may write (18) 
Ym = Aphy, + Boksy, + Cy, + DUP, . 
If we give w and v the values which satisfy the cubic equation 
D=0, 


in «and v. Then we have three-term formule for the mean ordinate of the 
cubic. If we give to w and v the values where the cubic crosses the second 





rv 





AND SOME ASSOCIATED THEOREMS. 9 


degree curve A = 0, 2 = 0, or C 0, then we derive two-term formule for 
the mean ordinate of the cubic. 


In particular, put 9 = 1, 4, —¢, — 4 and vw =a, + a. Then 


¥,, == 1a? (¥, + Ys) 4 (1 4 a) Ys, 


If « = 1, we derive Newton’s formula 
Yn = 4M Y; + 442), 
and if we put 7° — 3 we derive the remarkable formula 


Ym = 4 (% + Ys)- 


But in this Z the length between the limits is 2¢/ and the distance of ”, and 
v, from the limits is 
/ - 1 ] . 3 - 1 


2u —_ 2) 3 


Therefore the same formula which we found for the quadratic (9) holds as a 
two-term formula for the cubic. We may say then, in regard to the theorem 
at the end of § 8, that not only do all ruled surfaces passing through the cir- 
cles (() and ((,) eut out the volume of the sphere between the tangent planes 
at «lf and /, but so also do all cuboids passing through these circles. 

10. Writers of elementary text-books on mensuration are too apt to forget 
that Gauss and Jacobi have touched this subject and that there is little chance 
for anything new. The best that we can do is to follow behind them and pick 
up such trifles as they have overlooked. Gauss has demonstrated (Werke IIT, 
203) that the area of any rational integral function of degree 2” 1 may be 
expressed in terms of ~ properly chosen ordinates. The position of these 
ordinates having been shown by Jacobi to have for abscissie the roots of the 


equation 
d ,n 7" 
Oo Eee oo cae al, 


the area interval being x »,2—=y. The substitution of these roots in La- 
2 / 
grange’s interpolation formula and subsequent integration produces the desired 
result.* Applying this method to the few simple cases, we have 
1°. Cubic. 24 —1=3,n =2. If « and + be the limits then 





(d )? 
| dr 


(2 — u)*(«# —v)? =0 
gives “u—v 


a w—+ nw) 
git 2 Bog 


*See Boole’s Finite Differences, p. 53. 
















































































10 ECHOLS. NOTE ON THE MEAN-AREA OF THE PRISMOID, ETC. 
and the mean ordinate between ~ and + is 


Yn = 6 (¥, + He) > 


verifying the result in § 


— 
ie) 


a ()uintic. Qu ] 5, n = 8, 


d 
dx 


Gr uy (xr wy’, 





vives as the position of the ordinates, 


24 (u w), 


eon 3 iw vy td(u v) FR, 


corresponding to %/,, Ys. Yj, respectively, and the mean ordinate between and 


oo 3s 

Ym = Pa (Yi + Ys + F Y2) - 

3°. The mean ordinate of the seventhic is interesting, we have 
@ \* 
‘ ‘ 
x wer tz v)* = UY 

de| ' 

furnishing 
a bu rh i d(u ry y 3 - | 188. : 
and the mean ordinate is 
Yn =Ft(W t+ 42 + Ys $+ YW) — ae V VEE (MW — 2 + 4% — Ys)» 


y, and y, being the extreme ordinates. The striking resemblance of this to 
the ordinary rule with Poncelets’ correction is noticeable, for 1/1715 42 , 168 
1/13.145 differs but little from Poncelets’ 1/12, while the spacing of the 


ordinates 0.07, 0.33, 0.67, 0.93 does not differ much from Poncelets’ 1/8, 3.8, 
5/8. 7/S. 


Untverstry oF Virainta, Jan., 1894. 
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TRANSFORMATION GROUPS IN SPACE OF FOUR DIMENSIONS. 
By Dr. J. M. Pace, Cobham, Va. 


In a previous article* a number of the most important definitions used in 
Lie’s Theory of Groups were introduced. In this article those definitions are 
used without further explanation. 

In another papert the writer ventured, without proof, the assertion that 
he had found «// the primitive groups in space of four dimensions. It is 
proposed to prove a part of that assertion by showing that none of the groups 
which leave invariant tivo different mani foldnesses, each of tipo dine NSIONS, m 
space of four dimensions, can be primitive. 

At the same time a most important part of the Theory of Groups will be 
illustrated by showing how groups which fulfil certain given conditions may 
be determined in the most general manner possible. 

It will be necessary, in the first place, to introduce a few additional deti- 
nitions. 

By reference to the former paper, the reader will readily see that the 
symbol of an infinitesimal transformation in the four variables .”,, 2,, .“,,.”, must 
have the form 


wa awa A aw i aw 

er s of = ct 2 /\cJ vs co] 

«Als $1 (Vy, Vay Hy, By) S— 4 S2() 3- 53 () ae Eos -iSi() - 
cr, cw, cu’, cn, | on’; 


Here the ¢/s are, as usual, vna/ytical functions of their arguments in 
Weierstrass’s sense of the word ; and hence, if 7,’ is a point of ordinary posi- 
tion the =, can be expanded in convergent powers of (.”,— .”;"'), at least for 
regions lying very near ;”. If this analytical expansion happens to begin 
with a term of the rth power, the infinitesimal transformation is said to be of 
the 7th order. The first term of an expansion of this kind is called the /n///«/ 
term. 

Two groups in 7 variables, each of 7 members, are said to be s/m//ur, 
when by a proper choice of the independent variables the one group can be 
transformed into the other. All groups, therefore, which are similar to a 
known group, may be considered known. Also, it has been proved by Lie 
that if a group can be assigned which has the same setting as a required 
Annals of Mathematics, Vol. VIII, No. 4, ‘‘ On Transformation Groups.”’ 

+ American Journal of Mathematics, Vol. X, No. 4, ‘‘On the Primitive Groups of Transforma- 


tions in Space of Four Dimensions.” 
ANNALS OF Maruemarics, Vol. IX, No. 1. 


















































12 PAGE. TRANSFORMATION GROUPS IN SPACE OF FOUR DIMENSIONS. 


group, and if the initial terms of the respective transformations of the two 
groups are the same, then the two groups are similar. In practical caleula- 
tions, therefore, only the initial terms of the transformations will be needed. 

The introduction of certain properly chosen linear combinations of the 
transformations of a group, in place of the given transformations, often sim- 
plifies the “ bracket operations” between the transformations of the group, by 
removing the indeterminate constants which may occur in the results of those 
operations. The performance of this simplification is called normalizing the 
transformations of the group. 

Analogous to the def=ition of an ¢mprimitive group in the plane, it is 
easy to see that a group ii space of ” dimensions is ¢mprimitive, when it 
leaves invariant a family of o”~% manifoldnesses, each of g dimensions, 
which fill the space of ~ dimensions exactly once. 

The customary abbreviation p, for the partial differential coefficients 
a 
oS will be used. 


ay i 
ed, 


I.— InrrRopUCTORY. 


E. Transformation of Zero and first order. 
It 
g, =: @, 2, == 6 
and 
@., : W) ; a, — 0 


are the two manifoldnesses which are invariant under the transformations of 
our group, it has been shown* that the transformations of the zero and of the 
first orders, respectively, of all possibly primitive groups, must have the fol- 
lowing forms (writing, as usual, only the initial terms) : 


Po Po» Ps Paes 
Ly Pos MP — H2 Pos Pris Pos %Ps— MH Pas MPs (Si) 
Ly Py + %2 Pz — U3 Ps — My Py5 (7’) 
with which transformations there «uy also occur 


4 


By Py + @y Py + Ly Pz + UP “i Li Pi- (0) 


2. No transformation of an order higher than the second can occur. 
For, let s be the maximum order, so that a transformation of the order 
4 


Af = ZF, EL (ee, Lqp Bar Be) Pi 
1 


e t u 


* American Journal of Mathematics, Vol. X, No. 4, p. 310. 
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occurs, where the index s shows that the ¢;* begin with terms of the sth 
degree. 

Since in all of the groups 2,, x, will be equally privileged with ~,, x,, it 
may be assumed that ¢;" and ¢;° are not both zero. If now ¢{" is not identi- 
cally zero, it is seen, by properly combining 17 with p,, p., p,, and p, that 


Si $1" (@), 2) , 


for the results of the bracket operations must always be capable of being 
linearly expressed’in terms of the p,, S;, 7, and U. 

Furthermore, by combining .\7/ properly with «, p,, it is seen that a trans- 
formation of the form 


VF aD, + YP P2 + YS Ps + WD 


must occur in the group. Combine )’f and p,; then 


s— —1 


Af says "Dp, + yz’ "De Tr ¥s "Ds + yi Ds 


must occur. Now, combine }’7/ and Zf, and there results a transformation of 
the form 
— 87 ~“P, + &'*~"p, + () Ps + () Da- 


But the sth is the maximum order ; hence 


28—2<e4+1 .. 86<38. 


Similarly if ¢" 0 and &," be not 0, then also s < 3. 


~ 


3. To find the transformations of the second order, 
Let 

4 ~--* 

isi Pi 


=le 


be such a transformation. 

If now ¢,” and ¢,” are not both identically zero, they can only be fune- 
tions of #,, 7,; and ¢,"’, €{° must contain only .,, 7. 

(a) Ife ¢ 0, then =? and =” must evidently be both different from 
zero, and by the bracket operation it easily follows that the transformations of 
the second order are of the forms 


Af 22,p, + e'p,, VP  27p, + erp, . 


(b) If $j and ¢,? are not both identically zero, since the variables ,, 2, 
and «,, 7, are equally privileged, it may be assumed that also ;,* and =,” are 
not zero. Therefore there are two transformations of the form 


A Ta LP, + LLyP, + $3” (X3, %) Ps + 54” (25, L)Pes 



















































14 PAGE. TRANSFORMATION GROUPS IN SPACE OF FOUR DIMENSIONS. 


and 


Vif ey ,py + eYD2 + YS (H's By) Ps + Ys? (®s: Ui) Pa - 


By combining 7 with 2,p,, and 2’,f with z,p,, it is seen that also in this case 
Af and 37 must occur alone. In like manner 
LP, + AU Py, Le Ps + Myers Py 

may occur alone ; and these forms are all the possible transformations of the 
second order that can occur in this case. 

TI.—CAask IN WHICH NO TRANSFORMATIONS OF THE SECOND ORDER OCCUR. 

This case divides itself again according to whether the transformations 

4 
, 2. 
( eal | “i Pi ’ 


1 
and 


7 LP + Pes Ls Ps — Uy Po 
occur alone, or additively, i. e. in the form 
a.U+A,.T. (a4, 4 = const.) 


1. bl and 7’ occurring alone. 


The initial terms of the transformations are 


Pis P2s Pw» Pas 


XL Pry Py — T2Po, TPs Us Ps, Xe Ps — Pay % Ps (Sj) 
w, 2. 
Hlere we find at once the relations 
(Si, S,) — 25, ’ (Si, 3) SS ’ (S3, 3) 28, ’ (Si, (") 0 ’ 
( Ny S;) i 2S, ’ (S,, Sy) Ss ’ OS; Si) —_ 28; , (Si, .) 0 ; 


(f, 7)=%. 
We wish to normalize now with the transformation /’, in order to find 


the setting of our group. 
We know that 


6 
(P,7) pot Sa8,+ 80 +77, (4%, 3, 7 = const.) 
1 
We may introduce a new p, by the substitution 


Dr At+4,AS8,4+ BU4+ GT, (A, B, G = const.) 
1 
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Then we find 


6 
(.0) =p, + 2.08, + BU + 7T — 3,4 8,— BU — GT. 


1 1 
Since the A,, 4, and @ are arbitrary constants, we can choose 


> eo ’ 
A,=«¢, #B=f, G=r, 


and, therefore, 
(PoV) prs 


or, as nothing depends upon the symbol we use, we can write 


(Pull) py. 


Thus p, and // are normally connected. 
Proceeding analogously we can choose p,, p,, p, so that 


(pPoU)— pr, (Ps7) = Ps, (DoD) yp. 
Let us now find the relations between the », and the S;and 7. We have 


‘yy 


6 
(PrSi) Pe “i a8,+ 30 +7T, (4, 3, 7 = const.) 


Form Jacobi’s identity by means of p,, S,, and “’; thus, 


(( Pr, S), U’) + (CS, l"), 1) + (( U,, Pr)s N,) 0 . 
We find 
( Po, € ) i (Pr Si) 0 
or 


(Pri) Pr- 


This is a normal relation ; and by proceeding analogously with all the trans- 
formations of the zero order, and those of the first order, we find that all the 
resulting relations are normal. 

It only remains for us to find how the transformations of the zero order 
are connected among themselves. 

We know that 


4 6 
iy voo8 77 a i 
(PrP) =¢&DPi + <n Bede +3 U+<6T, 
1 1 
where 4,, /4,, 7, 0 are certain constants. 
Form Jacobi’s identity with p,, p,, and (”; thus, 


(( pr; Ps), O ) + (( pol”), pr) + ((U,p1), Ps») 0, 


4 
, = “i a; Pi - 2 ( Pv P2) 0 


b 

















———_S==== 
———— 
Sz. 
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or 
(Pi Po) O. 


In the same way we find that the rest of the ( p,, p,)’s are normal relations. 
This gives us the group 
PvP» Px» P15 Ps» AP — &2Px%2Pis %s Pv &3P3 — %y Py UM Ds 5 | 
| 


Py + Py YP, — Lz Py — Uy P 4, LP + Ly Po + Xz Pz + Lp, 


But this group is imprimitive, since it contains two invariant subgroups 
§ 7 ’ ’ 


71 = and § 


&, = ¢, 
= C, (2 


co 


Pi, P, and p,, p,; that is, the two families of ©? J/,: 
(¢, const.) are invariant. 
2. Vand T' not occurring alone, but in the combined form W=aU+ AT. 
In this case, again, all the transformations of the first order are connected 
by normal relations. Let us normalize those of zero order by means of 


S “Pi Ly Py + Bz Ps — My Puy 


which is evidently a transformation of our group. As in (1), we can easily 
choose the p,, ..., p, so that the following relations hold: 


(Pr S)=—Pr, (P»aS)=—Pr (Ps S)=Ps, (Py S)=—P- 


We find now, without difficulty, by means of Jacobi’s identity, that all the 
relations between the transformations of the zero and of the first orders are 
normal. 

We find further, forming Jacobi’s identity with 


Y ’ 
Po Pr S ; and Po Pr ‘5 
the following relations : 


(Pi, po) —~a.W+ 6.8 
(Pir Ps) (Px Py) — 9 
(PrP) =e W+d.8 
(py p) =e W+fFf.8 
(Ps Py) =m.W+n.8 


where @,..., ” are certain constants. 
Now form Jacobi’s identity with p,, p., W; thus, 


((Pis Pz)» W) + (( ps W),p.:) + (CW, py), p2) = 9, 
















Ren, ee 
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and hence 
(a+ ja (a+ pb 0. 
Proceeding similarly with p,, »,, W, we find 
a.caa.d=0; 


and similarly with the other p,, p»,, W, we find 


a.e=a.f= 0, 
a(a—j)=b, e(a+py=f, c(ast 3) d, 
m({a+t p)=—xn, c(a—s)= d, e(a $8) == . 
Hence, foe. A~x=dac.§=—90. 
(A) Suppose now a 0, then ¢ = d=0. If alsoa ~ — 3 we have 


a= =0; and we see at a glance that p,, p, must form an invariant sub- 
group ; and the group interests us no longer, as it must be jmprimitive. 
If « = — 3, we have m =n = 0; and then p,, p, form an invariant sub- 


group. Thus we have no possible primitive group when a — 0. 
(B) Suppose a = 0. Then if 3 — 9, all our other constants are zero, and 


we find a group 


Pv Pos Ps Prs “1 Pos MA Pi — %2 Po %2Pis %s Pv %3P3— Po “Ps 


| 
| - | 
1 TP + Tz P, — %3 Ps — UM Py - 
| 


But this group is evidently imprimitive. 

If # = 0, then no transformation W occurs at all; and we get the above 
group again without the transformation 7. This group is also evidently im- 
primitive. 


III.—CasEs IN WHICH TRANSFORMATIONS OF THE SECOND ORDER CAN OCCUR. 


1. &? and &{ identically zero. 
Then the transformations of the second order have the forms, 


Cu »2 e 2 ab 
Nf = tt, p+ 7YP,, AS — x"p, + @,2,p,- 
We have to make another subdivision, now, according to whether 
r a ry’ 
U: <i Pi and 7’ = 2p, + ®;Ps— % Py + PD; 


occur free or not. 
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(a) If ¢’ and 7’ occur free, we have, besides these transformations and 


ro ro ., 
Af and )'F, 
Pris Pos Pas Ps 3 Li Pos Py — Vo Poy %oY, 5 V3 Psy Xz Ys — Uy Pus % Ds - (S;) 
We shall now find how these transformations are connected. 
We have 
(S07) aNf+ BY, (a, {4 constants. ) 
Now introduce a new S, by means of 
S, ._S,—aXf — srf, 
and we find 
(S,,7) —0; : 
or, aS we may write it, 
(S07) 0. 
In like manner we may choose the other S; so that 
(S07) 20. (t= 2, ..., 6) 
By means of Jacobi’s identity we can now show that all the transforma- 
tions of the first order are connected by normal relations. Thus, for example, 
we know that 
(S,, N,) aX f | 6yY — 3s ‘ 
and 
y ’ y : toe r ’ rao.‘ GQ r 
((S), Sy) C ) 1 ((S:, ¢ )S)) T (( l ; S,) S,) = 0 ; 
that is, 
= / = 0 ° 
| 
\ 
We can easily choose the p,’s so that | 
(pil) os 6 ah, ..45 83 
and we find from Jacobi’s identity that the p,’s are connected by normal rela- 
tions with the other transformations of the first and second orders as well as 
with each other. This gives us the (imprimitive) group, | 
| | 
Pi Px Ps Pre Ps» Pi — 2 Ps %2Pis % Py %s Ps — Py Ms Ps; 
2, Py + Lap. + Uy ps + Xy Ds, XY, + Wo Po — U3 Py — Vy Py} V2. YP, + 27Pr, 
2,"D, + ayHy Do» ; 
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(b). If the transformations (/’ and 7’ do not occur free they only occur in 
the form, 
al + pT. (4, 3 constants) 


Our transformations are those which we have above designated as p,, S,, U7, 
Vf, and al’ + #7. 
Let us combine p, and .V7; thus, 


( P25 Af) Py 2a, DP, . 
Also, (p, VH)- 2a, p, + rp. - 


By addition, we see that a transformation of the former x, 7, + ”,y, must 
occur. That is, we must have 


MP+mp=p.S +e(aU + AT); (v, ¢ constants) 
and hence 


pu, a= f, o=l. 


The transformation «// + 7’ has therefore the form, 


Pi tr %2YpPr2- 


Let us normalize our relations, now, with the transformation 


NS L,Y, + VeP2 + Xs Ps — Us Ps- 
We notice that 
(17,8) -—NAf, (VFS) - Yf; 


and we can easily choose the S, such that 


(S85) 0 


1) 

(S,, S) = —28,, (S, 
It is easy to see that all the (.S,, S,) are normal ; and we can choose the p,, in 
the usual manner, so that, 


(Pr) Pris (DoS) = Pes (Py) =Ds; 


(pr, 8) -—prtalf + oye. (“, 4 constants ) 
We have 


(py S) 2,48, +47 + AAP + V7; 
1 
and by Jacobi’s identity, 
— Qa, + QayS, — BAS — VS + Yas, 4 PY 
tal tn¥f take + oe 0, 





Mi 
Hi 
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or 


4=a=b=a=0. ; 


Hence 
(Pris SN) 7 V- 
We find, by proceeding analogously, that all 


(p, S,) (i, k =1, 2, 3) 


are normal ; as are also ( p,, V7) and (p,,277),7= 1,..., 4. 
Further, 


()r; Ss) (Ps S,) ( Pr, Ss) ( Pry Ss) ( Ls» Si) (Pa, S;) = 0 ’ 





and (Ps N;) Ps ’ (Ps NS) Ps ; : 
Also, (Pr P2) (Pu Ps) (Ps Ps) O. 
By repeated applications of Jacobi’s identity, we find moreover, 
( (Pa, 2) aA f r 2 7, 
(Pi 1) j,NF + 7277 ; : 
[ ( Pa» S') ANF r 7s cy; 
(4, ..+, 7; constants) 
and 
(Pr) “af + by, 
( Po, 4) AT T h, yf 
(Psy S) Pat UNF + h, YT, 
(Ps, 4s) — % + UyAf + h, . 
(4, ..., 4, constants) 
Analogously, we find, 
( (Pi, Pa) AS, + A,S, + A,S; + AS, + AS, 
< (pop) BS, + BS, + BS, + BS, + BS, 
[ ( Psy Ps) OO, + OY, 4 CS, + C8, + CS. ) 
If, now, we form all Jacobian identities possible with the p,, the S,, 8, X7, ; 


and )°7, we will find, after a computation which we omit here on account of 








PAGE. 





TRANSFORMATION GROUPS IN SPACE OF FOUR DIMENSIONS, 


its length, 
(Ps Pad) - 2B,S, , 


(Px ps) — BS, — 3B, (8,, 8), 
(py) 2B ANS, 

< (py, 8) —2B5,)7, 

(Pus) (Pw Si) (Py Ss) 9, 


(Py 8) — 4 + 2B YF, 





L (Py S)= — pi — 2B YP. 
Let us now introduce a new p, by means of the substitution 
P= t+ QB; 
and, as this does not affect those transformations which have already been 
normalized, we see that this is equivalent to making 7, = 0. 
All our relations are now normal, and we find thus the group 
| Pris Px Pos Pv MPs TPA Vy Poy V2 prs Us Pv 3 Ps VyDPiyy MPs 3 
| » 9 
| By Py + Vy Poy TX YP : Py Pay MY Py + Up's Po 
| 


It is easy to see, however, that this group is imprimitive. 

2. Not all the gC and gS ide ntically Zero, 

Since the variables z,, 7, are equally privileged with «,, 7,, we can also 
assume that not all ¢|° and ¢,° are identically zero. Thus we easily see that 
among the transformations of the second order must occur 


A7 IPP, + By Py + $3” (4s, By) Ps + Fy? (tyr) Ds, 


and 
Af ay” py + Byt'y Py + G5” (X44) Py + 4i° (1, Py) Jy 
Now combine A, f and «, p, ; hence 
Nf a? py + eyes YP, 
must occur alone ; so also must evidently 
Ay f = tp, + v7 py. 
Then, since the variables are equally privileged, we see that 


A 17 Poly Ps ry py : 
























Wi 
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and 
A, Ly” Py + Lely Py 


must also occur alone ; and these are all possible transformations of the second 
order. 
If now, with the p,, the \,, and the | 7, 


Co Lap and 2p, + et P, — 13P3 — UP r 


occur alone, we easily find the (imprimitive) group 


Pv Po» Px Pis “Pos Hi Lr Ms Pry P2 Py s&s Pay &3 P3 — My Pv MPs 


9 9 9 » 
Py Py + Ly, Py, Ml, Py + Uy Prs LS Ps + Lely Py, LyXy Px + Vy Py. 


My Py + Xe Pz + UMszPs + XM Pr, % Pi T %P2 — %yPys— %ePss | 


If, however, (’ and 7’ only occur in the combination 
aU 4+ sT, (a, 7 constants) 
our transformations will not form a group at all. For 


Ai Poy NP) + (Pp VT )} Ly) Pp, + Py, 
or 
Py + %e PP. = Pp (LP, — %eP2) + O(a,p, — x, P,) 
+y(al’ + 37). (v, o, » constants) 
Thus we see 
a _ Oo -O 


‘ bd 


v(a — 3)—0. 
In order to have a group, therefore, we must have @ == ;3, and 


al’ + 31 ap, + ap. 
But 


r 


4 i ( Pa A,f) + { L’3 Af )} Ls Px + Py py 


must belong to our group, if it is a group; and we see at once that this trans- 
formation cannot have the necessary form 


2 aS; + € (apy + pe) - (a, @ constants ) 
1 
Therefore, in this case, our transformations do not form any group. f 


The HCE We heave shown that there are WO primitive JPrOUPSs of in finitesineal 
transformations in SPuce oF tour dimensions which leave tio different $ 


mani foldnesses of two dimensions invariant. 































ON THE ROOTS OF THE BESSEL AND CERTAIN RELATED 
FUNCTIONS. 
By Pror. James McManon, Ithaca, N. Y. 
I1.—Roors or -/,(7). 

The formulas of Sir G. G. Stokes for the roots of -/,(), /,(”) in the form 
of descending series are well known.* It is first proposed to obtain a similar 
expression for the roots of -/,(”), » being unrestricted. 

1. Use of descending series for S (x), with an auxiliary angle ff, 
Take the descending seriest 
1 ¢xxJ,(x) = cos(« —42—4$uz)e¢,(x) + sin(2 — $2 —huz)¢,(2), (1) 


in which 
(1? — 4n*) (3° — 4n?*) 


¢,(2) secs ee 91 (82)? 
, (= 4n*) (3° — 4n’) (5° — Ant) (TF — 4n*) 
: 4! (82)! he 
1? — 4n? (1? — 4n*) (3? — 4n?) (5? 477) 
/, a aed a pes a es. 7 . ih ie ele. od . 
u(t) = Sr 3! (8.r)' Panes 


and let 
¢,(2) I cos (, (7) — /?sin 4 ° 
then 
| tzaS,(x) = Reos(4—427—huz—A), (2) 
and the equation -/,(a) — 0 becomes 
cos (# —4z—suz—d)—0; 
whence 
vn —ftxr—tauzr—dO=} (2s —1)z, 
s being any integer. 
2=- 8+ 6, (3) 
where 
B=—47(2n + 4s—1). (4) 
2. Series for tant in powers of —. 
J 1 ST ss 
Let ba! = y, 4x? = m; then, from (2) and (1), 
,; — be + do —... 
tan # = — (m — 1) y 1 ry = : _ Senet SS. 
1—ay + cy'—... 
= —(m—Il)yj14(a—b)¥ 4+ [a(a—b)4+d —cly'+...}, 
} *Camb. Phil. Trans., Vol. IX, or Math. and Phys, Papers, Vol. II, pp. 353, 355. 
+ Annals of Mathematics, Vol. VIII, No. 2, p. 60. 
ANNALS OF Matuematics. Vol. IX, No. 1. 
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in which 
a—4(m—1)(m—9Y9), b=i(m—Y9)(m — 25), 


c 34 (m —_ 1) (7 — 9) (m sais 25) (mn oe 49), 


~ 


/ = 4, (m — 9) (m — 25) (m — 49) (m — 81), 


120 
and 
a—b=} (m? + 2m — 99), 
a(a—b)+d—e¢ = #, (m— 9) (m* 4+ 15m? — 81m — 5695) ; 
*. tan = — (m — 1)y — 4 (m — 1) (Ww? 4 2m — O9/)¥' 


aie Ts (m — 1) (mn laa 9) (mn? + 15m? — 81m — 5695) y — RSs (9) 
3. Series for fi, (= s— 3), wn powers of rs ; 


Since 
# = tan 0 — 4 tan*d + { tan’d—..., 


and tan # is of the form 


Ay+ By + Cy +..., 
@= Ay+(B—}A)YH(C— ABILTA)Y+..., 


which, on replacing A, 4, C’ by the coefficients in (6) and reducing, becomes 


4 = — (m—1)y — 4 (m — 1) (m —- 25) ¥’ 
— 32 (m — 1) (m? — 114m + 10738) 7 —...; (6) 
m 1 4 (1m —1)(m — 25) 


rr re |.) 
ee — ie = eet  ... 
B(Szy—C—‘“‘“—~*™*~S 


i i ; 1 
4. Series for x2 in powers of 4° 
i 
From an equation of the form 


fied on ) ( 7 
“= jr £ +54+5+. 


a 


Lagrange’s-theorem gives 


oe —P i. Gow, pP r— 4pq — 2p" 
C—O ee ——————_+4—__ — 
+ 4 zi + # + 








AND CERTAIN RELATED FUNCTIONS. 


Substituting for p, 7, 7, the coefficients — 4 (# — 1), — g48 (m —1)(m — 25),..., 
the reduced result may be written 
2) — 9m 1 4(m — 1) (Tm — 31) 
ws 8,3 3 (8,3)° 
2 32 (mm — 1) (83m?* — 982m + 3779) 7 - 
15 (8,3) vert 

in which z," represents the sth root (in order of magnitude) of the equation 
J,(“) = 0, while ;3 stands for $ z (2x —1 + 4s), and m is 4n’. 


(8) 


II].—Roots OF THE FIRST DERIVATIVE OF -/,,(.”).+ 
5. Descending SErVES Jor SJ (2). 
Divide equation (1) by z!, differentiate, multiply by 2.!, and rearrange ; 
then 





V 2zx J, (") = M cos («4 — 42 — huz) — Nsin(« —427—hnz), (9) 


in which 








2A,—A 2A,—5A 2A,—9Y9A 
_ se 2 o=3 =. wees wse4 
ME =z ; 3 + z—!—..., 
7 om d 
, 2A,—3A 2A,—T7A, 
N= 2A, eee: SO es) 2 See —— ee. ' 
x x 

Ay, A,, — A,, — A, ... being the coefficients of successive powers of #~' in 


equation (1). The simplified expressions are 
M = — (2m + 6)y +4 (1 + 25 — 341 4+ 315) 
— 7 (1 + 15 — 6342 + 182510 — 1267659 + 1091475) + ..., 


—_———— 


> (10) 
N=2— y¥' (m + 14m — 15) | 


+ Jy y' (1 + 28 — 1946 + 16092 — 14175) —..., J 


* As it may sometimes be desirable to continue the series one step further, it is perhaps worth 

while to record that the next term is 
__ 64 (m — 1) (6949m* — 153855m* + 1585743m — 6277237 ) 
105 (83)? d 

When 2 is 0, or 1, equation (8) reduces to Stokes’s formulas; and when v is $ it gives the 
series for the roots of J3(z) obtained independently by Lord Rayleigh (Theory of Sound, Vol. 
I, p. 279). 

In Professor Stokes’s second formula the numerator 0.245835 should be ‘.245270, a mistake 
which evidently arose from overlooking a ‘‘ star” in the table of logarithms. 

+ The equation J, (x) = 0 is of hardly less importance in applied mathematics than the equa. 
tion Jn(z) = 0. See Rayleigh’s Theory of Sound, Vol. II, p. 266, Lamb’s Hydrodynamics, p. 197, 
J. J. Thomson’s Recent Researches in Electricity and Magnetism, p. 346. 
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in which + stands for 4x’, and y for 4 ', the coefficients of the descending 
powers of being “ detached ” for convenience. 
Next, let an auxiliary angle #’ be defined by the equations 
M=ssn#’, N=scosf; (11) 


then 
| 2z0r S,(r) = — ssin(a@—}fxr—jtazr—D), (12) 


and the equation -/,(.7) = 0 becomes, as before, 


2=f +7, (13) 
where 
Wf =m } z(2n + 48+ 1). 
6. Series for tan UW. 


sy (11) and (10), the reduced expression is 
tan # = — y(m + 3)—4 ¥' (1 4+ 13 + 211 — 225) 


— 2p (1 + 25 + 658 + 11370 — 97779 + 85725) —.... (14) 


7. Serie s for N, (= & — i), an powers of VE 

The method of Art. 3 gives 
i» m+ 4(1 + 46 — 63) 
i, Sx 3 (8.r)3 


32 (1 185 2053 + 1899) adi 
——+ —_— men a o's (15) 
» (Sar)” . 


8. Nerves for vin powers of 87 P 
Applying Lagrange’s theorem as in Art. 4, the final result is 
~ m -+-.3 4 (Tim? + 82m 9) 
87 3 (8,7) 
32 (83m + 2075m? — 3039m + 3537), 16) 
15 (87) op Ae ( 


in which «\* represents the sth root (in order of magnitude) of the equation 
SJ (xv) = 0, m is 4x7, and jf is $ x (2a + 48 + 1). ‘ 





* It will be found that » = 0 in (16) gives the same result as m = 1 in (8), in accordance with 
the identity J,(a — J ,(2). 

A further test is furnished by the fact that when m = $, the equation J,(z) = 0 is equivalent 
to tan 2 = 22, as may be seen from (9), and that the independent solution of the latter equation 


agrees with (16). Similarly when x = 3. 





























AND CERTAIN RELATED FUNCTIONS. 
III.—Roots OF THE DERIVATIVE OF «—}/,(x).* 


9. It will be found that the J/ and WV of Art. 5 are now to be replaced by 








M’ = : i oomaacsenl = 
Zz Hs r 
N=A _ A,— 24, A,—4A, _ 
v0 ia y 
and that the series for tan # becomes 
tan 0” = — y(m4+ 7) —4y' (1 4+ 25 4 427 — 453) 
— ~, 7 (1 + 45 + 1878 + 23490 — 158819 + 133905) —...; 


whence, as in Arts. 3, 7, is derived the series for 4”, (= x — ,%), giving 


pay m+ 4(L+ 70 —199) 32 (1 + 245 — 3693 + 4471) 
t —— J nae a — —— — -_— - —- 


Sa —(B(8a)* 5 (8.r) — 
and finally, by Lagrange’s theorem, as in Art. 4, 


2) — 7 — M+ 7  4(Tm? + 154m + 95) 
i Sy 3 (8,7) 


* 32 (838m? 4 BOBS | 8561m + 6133) cen i (17) 
15 (8,7) ek 





IV.—Roors of THE SECOND BesseL FuNcTION, AND OF ITS DERIVATIVE. 


10. Take the descending seriest 


mi K(x) = cos (x — §z— 4h uz) ¢,(x) + sin(4 — 32 — hur) y,(v), (18) 
in which ¢,(7), ¢,(“) are the same as in Art. 1 ; 

- m i K(x) = FP cos (4 — 3z —h nz — 4), 
| — Reos(a + 427—jnz—AF); (19) 





P , d all , . 
* The roots of the equation < {2 ?J,(2)] = 0 determine the possible wave lengths of a gas 


vibrating within a spherical envelope (Theory of Sound, Vol. II, p. 231). 

+ Asa test, m = $ in (17) gives the same result as m = $in (8), both being the solution of 
tan z = 2; and n = $ in (17) gives correctly the roots of (2 — x*) tana = 2z, referred to on pp. 
232-3, Theory of Sound, Vo!. II. 

t Annals of Mathematics, Vol. VIII, No. 2, p. 61. 
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and the equation A’,(x) = 0 gives 
cos (v4 +42—4fnz—A)=—0; 
a+4¢a—tuz—b=4(2s—1)z; 
=f +0, 


w= 


where ji’ = 47(2n +. 48 — 3), 





and 4 is the same as in Sect. I. Hence the series in (8), which gives the roots 
of /,(a), gives also the roots of A’,(7), when ,3’, (= 3 — $7), is put for |. 

11. Derivative of h(a). 

In the same way as in Art. 5 equations (9), (12) were derived from (1), so 
from (18) it follows that 


Dm o> _ } ; 
2 \ = K,(z) = — SN sin (x — 32--hnz—V) 
Ssin(a +}42—4uzr—VW); (20) 
‘. the series in (16) gives also the roots of A’’,(), if be diminished by 3 z 
V.—Roors OF THE COMPLETE BESSEL FUNCTION, AND OF ITS DERIVATIVE. 


12. In a large class of physical problems,* / is to be determined so that 
the complete function 


AS, (kr) + Bh, (kr) 
may vanish on the concentric circumferences 7 = «, 7 = 4. In this case 
AJ,(ku) + BHK(ka) = 0, 
AS,(kh) + BH kb) = 0; 


(ka) _ hhh) 
J(ka) ~~ *I,( kb) ” 


Let « = oh, p > 1, and kh = wv : 


as ‘) _ Ay(pe), 9 
Tz) Spe) * si 
but 
ao = 3 an (2 —}z—tnz—O@), (22) 


by (2) and (19) ; 
tan (2 —F7— gm — #) ee eee —%,), 








* See Byerly’s ‘‘ Fourier Series, ete.,’’ pp. 230, 231, 234. 














AND CERTAIN RELATED FUNCTIONS. 


pa — 0, =2—@4 sx 


b 


s being any integer. Substitute for @ the series in (6), and for 6, use the same 
series with x replaced by pz ; 


SIT m—l 4 4 (wm he 1) (m - 25) J dena 1) 


en Pp 1 Tv Sor | ~ 8 (Spr)? (p — I) 
4 32 (mm — 1) (a? _ Ll4m . 1073) (eo? — 1) ins (23) 
5 (8p.r)’ (p 1) 
whence, as in Art. 4, 
tn $+ Eyeta? 4 ee «.. (24) 
n i 3 ! Va =? na } 
wherein 
j a ST A ii — 1 
' op —y°/ Sy ’ 


inate 4 (im — 1) (mM - 25) (v* — 1) — 32 (m — 1) (m — ll4in t 1073) (»° — 1) 
= 3 (8)*(0 —1) eins 5 (8p) (v7 — 1) 


13. In certain problems in fluid motion* the function 
Ad, (kr) + Bh, (kr) 
is to be treated as in Art. 12; and the equation 


A’,(”) ae h,(pr) 
S,(”) Sor) 


is by (12) and (20) equivalent to 
tan (2 —}z—guz— VM) = tan (pr —$4x—huz—F,). 


Substitute for # the series in Art. 7, and for 4, the same with yo” used for «, 
and the result is of the same form as (24), with 


_m+3 7 4(m? + 46m — 63) (p* — 1) 
PS Bp? ES 3B — VD) , 
- 32 (mm 4 185° — 2053m + 1899) (° ; 1) 


r —__—_— . 
5 (80) (oe — 1) 
14. Wave lengths of a gas bounded hy concentric spherical surfaces. 
This problem is the same extension of Section TII as the last is of Sec- 
tion IT; hence the series for #” in Art. 9 is to take the place of that for # in 





* As in computing the wave lengths of a gas or liquid bounded by two coaxal cylindrical sur- 
faces. 
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Art. 7, and the result is again of the same form as (24), but 


m + 4 (mi? + 70m — 199) ieee J) 


 —_-* 3 (80)* (ov — 1) , 


— 33 (mw + 245° fare 3693 4 4471) (0° a 1) 
5 (80)° (y ae 1) : 





GENERAL NOTE. 


Some of the foregoing series for \) may for certain values of 7 and the 
lower values of s not be sufficiently convergent to give a very close approxi- 
mation to the corresponding root. In such cases better approximations to the 
earlier roots may be found by interpolation from appropriate tables. 
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